Mass Transfer and Chemical Reaction in
Hollow-Fiber Membrane Reactors

K. Li
Dept. of Chemical Engineering, University of Bath, Bath BA2 7AY, UK.

Xiaoyao Tan
Dept. of Chemical Engineering, Shandong Institute of Technology, Shandong Province, P. R. China 255012

Theoretical models developed describe hollow-fiber memebrane reactors (modules),
in which membrane functions as an efficient reactant distributor and the chemical reac-
tion takes place either in the hollow-fiber lumen or in the shell side. Effects of various
design and operating parameters, and physical properties on the performance of the
reactors were Studied. Simulation results indicated that the axial dispersion has to be
considered when the chemical reaction takes place in the shell side. It, however, may be
neglected when Pe > 40. Theoretical results further revealed that the mass-transfer direc-
tion of the reactant through the membrane might be reversed when the chemical reac-
tion in the liquid is extremely fast. Experimental data in the literature obtained from
water-treatment processes agreed satisfactorily with the theoretical solutions. Based on
the developed solution method, the reaction kinetic parameters can also be obtained

conveniently.

Introduction

Selective permeation through a membrane has become a
recognized chemical engineering process for separation of
fluid mixtures. During the past two decades, considerable at-
tention has been paid to the integration of the permeation
process into chemical reactors. Membrane reactors, which
combine reaction and separation or combine mixing/distribu-
tion and reaction in one-unit operation, are the result of this
integration. These reactors have been used to enhance the
reaction yield and conversion of thermodynamically limited
reactions (Mohan and Govind, 1988) or to control the reac-
tion pathway by introducing a reactant into the reaction zone
in a controlled manner (Coronas et al., 1994a,b).

Use of memebrane reactors to shift the equilibrium in a
reversible reaction has been recognized since the 1960s
(Pfefferle, 1966; Wood, 1968; Michaels, 1968). The combined
reaction and separation process first found its application in
biological systems at low temperatures (Chang and Furusaki,
1991). In recent years, however, availability of ceramic or
metallic membranes has extended its application to high-tem-
perature catalytic reactions (Shu et al., 1991; Hsieh, 1991). A
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comprehensive analysis of equilibrium shift isothermal reac-
tors with a permselective wall was given by Mohan and Govid
(1988).

The use of membrane reactors to control the addition and
distribution of a reactant has been mainly studied for partial
oxidative reactions of hydrocarbons (Eng and Stoukides,
1992). The membrane, often a dense type, controls the oxy-
gen reactant supply to the hydrocarbon compartment and
avoids the direct presence of gas-phase oxygen, which is of-
ten deleterious to hydrocarbon selectivity, thus, in some de-
gree, suppressing the deep oxidation of the hydrocarbons.
Theoretical studies of a methane coupling reaction (Reyes et
al., 1993a,b; Cheng and Shuai, 1995) predicted that a much
better C, yields could be achieved in membrane reactors
compared to conventional fixed-bed reactors. The use of
membrane reactors also has advantages in controlling the hot
spots in exothermic reactions (Tsai et al., 1995; Coronas et
al., 1997).

In water-treatment processes, efficient and localized intro-
duction of a reactant in a controlled manner using hollow-
fiber membrane reactors, which have a high surface area per
unit volume, can often lead to a much reduced mass-transfer

February 2001 Vol. 47, No. 2 427



Lumen Port
[ Shell Port
'8 Hollow fiber
Membrane
Reactor
Shell ”
Shell Port [
Lumen Port

Figure 1. Hollow-fiber membrane module.

resistance, and hence can increase the overall efficiency of
the water-treatment processes (Shanbhag et al., 1995, 1998).
Li et al. (1995) investigated a novel membrane reactor for
dissolved oxygen removal in ultrapure water production.
Since, in their study, a microporous hollow-fiber membrane
was used as an efficient gas distributor for bubbleless dissolu-
tion of hydrogen in the water, the reaction between the dis-
solved oxygen and hydrogen in water was enabled at excess
hydrogen condition, and thus an extremely low DO level (less
than 1.5 ppb) in water was achieved.

The purpose of this article is to provide a comprehensive
analysis of a hollow-fiber membrane module (reactor) for
contaminant removal from liquid. The membrane employed
functioned not only as an efficient gas reactant distributor for
gas/liquid reactions in liquid, but also as a stripper if the
contaminants in liquid are gases. The model equations repre-
sent the hollow-fiber membrane reactors where a chemical
reaction takes place either in the hollow-fiber lumen or in
the shell side. The effects of various designing and operating
parameters, and physical properties on the performance of
the reactors, were studied in details.

Theory
Formulation of the model

The hollow-fiber membrane reactor is made up of »n hol-
low fibers. As shown in Figure 1, the hollow fibers, assem-
bled as a bundle, are encased in a tube and then are sealed
at each end. The feed gas and liquid are introduced into the

428 February 2001 Vol. 47, No. 2

fiber lumen and the shell compartment, respectively, or vice
versa. The gas reactant b is transferred through the mem-
brane and then reacted with the reactant « in liquid in either
the hollow-fiber lumen or in the shell side, depending on the
operating modes. The following assumptions are adopted for
the mode!l development.

1. Constant density is considered for the liquid stream. This
assumption approximates the liquid system realistically and
simplifies the mass-balance equations considerably.

2. Fully developed laminar flow occurs if the liquid is in
the fiber lumen. This assumption is usually valid for a
Reynolds number not exceeding 2100. The entrance effect
for the flow profile in the fiber lumen is ignored, because it is
not significant compared to the length of the fiber used. Fur-
thermore, the flow velocity in the fiber lumen can generally
be expected to be greater than axial diffusion.

3. In the case where the liquid is introduced into the shell
side, the dispersed plug-flow conditions is expected to prevail
because of the packing of the hollow fibers in the module.

4. The reaction only occurs in liquid.

5. The system is operated isothermally and at steady state.
Based on these assumptions, the general mass-conservation
equation for a reaction, which takes place either in the hol-
low-fiber lumen or in the shell side of the membrane reactor,
can be established as follows.

Reaction in the Shell Side

G 2 T Y 0k C.Cy =0
— D, —+— k.. ——(C.— p./HY+ v,k =
udZ Li dzz Ro gi € ( i pl/ z) Uik Lalp
(i=a,b), (1)
with the boundary conditions
0, =cy42u 4G 1
=1, i= i 4 —
Z 0 dz (1a)
dc;
z=2, — =0 (1b)

dz

where u is the superficial velocity of the liquid stream (m/s);
D, is the axial dispersion coefficient (m?/s); R, is the outer
radius of the hollow fiber (m); k, is the mass-transfer coeffi-
cient (m/s); € is the void fraction of the reactor defined by
e =1—nmnd>/4A; n is the number of hollow fibers; d,, is the
outer diameter of the hollow fiber (m); A is the cross-sec-
tional area of the reactor (m?); H, is the Henry constant (Pa-
m*mol~'); p, is the partial pressure in gas phase (Pa); k, is
the second-order reaction rate constant (m>mol~ts™1); C,
is the liquid feed concentration (mol/m®); and Z is the effec-
tive length of the reactor (m).

It should be noted that Eq. 1 was written for a general
case. If the reactant a in the liquid is a solute and penetra-
tion of the solute through the membrane is negligible, then
k, approaches zero.

The conservation equation at the lumen side can also be
formulated as

G dp;
N g kgi.znﬂ-Rn.(Ci _pi/Hi)

WT dz (i=ab), (2)
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with the boundary conditions

x=0, P.=0, Py = Pro> (2a)
where G is the volumetric flow rate of feed gas (m%/s); R is
the gas constant (8.314 J/mol-K); and T is the absolute tem-
perature (K).

Reaction in the Fiber Lumen

(1 ac, 8%C;
2

) — vk,C,C,

+
r dr ar

or

20 ry?] aC, 1aC, 92%C;
~ 1—(—) —=Djj-——+ 5| — vk, C,Cy
nmR* R Jz r or ar

(i=ab), (3)

where ( is the liquid volumetric flow rate (m*/s), and D, is
the molecular diffusivity of reactant { in the liquid stream
(m?%/s).

The boundary conditions are applied at the center line, at
the membrane wall and at the inlet of the membrane reactor

aC;
r=0, —a;—=0 (3a)
aC;
r=R, Di_(9‘;‘= —kgi(ci_pi/Hi) (3b)
z=0, C=Cy. (3c)

Again, the boundary condition of Eq. 3b was written for the
general case. In case the reactant « in the liquid is a solute,
penetration of the solute through the membrane is negligible.
Thus, kg approaches zero.

Together with the mass-balance equation for component {
in the shell side, the form of which is the same as Eq. 2 with
the exception that R, is replaced by R, Eq. 3 describes the
reactor where the reaction takes place in the fiber lumen.

The overall mass-transfer coefficient, K, for reactant a is
generally written with the logarithmic-mean concentration
difference over the reactor length:

J = Q(Ca(,-Cae) _ .(CaO_pa/H)_(Cae_pa/H)
“ 2nwRZ v | Coo— Po/H '
Cae - pa/H

C))

where J, is the chemical flux (mol/m?s) and C,, is the prod-
uct concentration given as (Sketfland, 1974, p. 154)

fRCau‘Zﬂ'rdr 4
el om
w-2mrdr

0

%)
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(z=2).

Numerical solution

Model equations representing the reaction in the shell side
(Egs. 1 and 2) or the reaction in the fiber lumen (Egs. 2 and
3) are the group of highly nonlinear differential equations
and can only be solved numerically except for some special
cases. By transforming these equations into a group of first-
order ordinary differential equations, they can be easily inte-
grated by conventional methods. MATLAB software was used
to solve the two sets of equations just cited. The detailed
solution method can also be found elsewhere (Tan and Li,
2000).

Solutions for the special cases

In this study, the gas reactant b, which was introduced lo-
cally into the liquid phase through the membrane reactor,
may be large enough so that its concentration in the liquid is
approximately constant throughout the reactor. Therefore,
the chemical reaction can be considered as pseudo first-order
with respect to the concentration of reactant a, and thus only
the mass balance for reactant @ needs to be considered. In
addition, the amount of the reactant a permeated into the
gas phase is considered to be negligible, as the reactant a in
liquid is normally a solute. In the case where the reactant a
in the liquid is a permeable gaseous reactant, the amount
transferred into the gas phase can also be negligible, so long
as the gas reactant b introduced into the reactor is consider-
ably higher than the reactant a permeated into the gas phase.

In dimensionless form, the preceding model equations are
rewritten as:

Reaction in the Shell Side

a a

=0. (6a)

ax ax,
n=0, =0; =—N,x, (7a)
n

£=0, x,=1. (7b)
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The dimensionless variables are defined as

C.—p.,/H Pa
¢E=2z/Z; m=1r/R; X,=————, R, =
CaO—pa/H HCaO
(8a)
uz k, 2k,/R, 1-¢€
= Nt Ny=2 S )
D, u/Z u/Z €
40 k., k.R
z=—"+—3 N/=— 0 =" (8¢)
nwD,Z D,/R* D,

The overall mass-transfer coefficient for the reaction in the
fiber lumen is generally written in terms of a modified Sher-
wood number:

®

Hence, My, indicates the performance of the membrane re-
actor with the reaction in the fiber lumen.

The solution of Eq. 6 (shell-side reaction) can be easily
obtained as

a

~ 2(1-B)(1~ ) (1+a )
C(1-a)-(1+ a)zexp(Pea)exp 2/P, ¢

2(1—- « -
(1-B)(1+a) (1 5)_ |

€X
(1+ a)’ —(1— a)’exp(— P,a) Pl
(10)
where
4(N,,+ N,) N, R,
a=q/1+ —"—">; B= : . (10a)
P, N,+N 1-R,

To solve Eq. 7 (reaction in lumen), the technique of separa-
tion of variables can be applied and the solution is obtained
as

RC
xa(g”’l)=co+(co+ l_Rc)mgl 22m(m|)

2m
21

+ )X [Bj x Aj.zmﬂzm]‘eXP("‘G_z"\jg), (11)

m=40

where Cy, A;, A;, and B, are obtained from Egs. A3a, A9,
A8, and A10, respectively. A detailed solution of Eq. 11 is
given in the Appendix.

Therefore, the product concentration (at z=Z) can be
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calculated for the reaction in the shell side:
2(1-B)(1—a) 1+

= 5 X
(1-a) —(1+ a)zexp(Pea) 2/P,

21-8)(1+ a) o
(1+a)’—(1-a)exp(- P.a)

ae

1-«a
p( P, )—B (12a)

and for the reaction in the fiber lumen:

R, i N,’m
e

o1 27 (m) (m+1)(m +2)

xae=C0+2(CO+ 1

0

+2 )

j=1

242\ = A,
J J.2m
Bjexp(~-—) y

Gz | T (m+1)(m+2)

}. (12b)

Obviously, if R, =0, N/ =0, and N,, -»«, Eq. 12b reduces to
the Graetz solution (Skelland, 1974, p. 164). Based on these
x,. values, the overall mass-transfer coefficient of the reactor
can then be obtained from Eq. 9.

Results and Discussion

We present our analysis on chemical reactions in hollow-
fiber membrane modules (reactors) in the following subsec-
tions. The fluid flow and the chemical reaction in the shell
side of the reactor were studied first, followed by an analysis
of the reactor for the chemical reaction in the hollow-fiber
lumen. Also, the experimental data in the literature were
compared with the modeling values to confirm the validity of
the model developed.

Reaction in the shell side

Effect of Axial Dispersion. When the liquid is introduced
into the shell side of the reactor, where the reaction also takes
place, the axial dispersion becomes an important factor on
the reactor performance. Predicted values for this effect are
given in Figure 2, where the product concentration, x,,, is
plotted against the Peclet numbers. As can be seen, the prod-
uct concentration decreases as the Peclet number is in-
creased. In addition, the effect of the axial dispersion be-
comes more pronounced as the value of N, + N, is in-
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Figure 2. Effect of axial dispersion on the product con-
centration, x,., for reaction in shell side of the
reactor, R, = 0.
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Figure 3. Effect of liquid velocity on the product con-
centration, x,., for different reaction con-
stant, N.=0, N,,=0.

creased. If the axial dispersion is negligible, Pe — <, then Eq.
12a reduces to

Xee=exp[ = (N, + N,)] R.=0. (13b)

The solution of Eq. 13b is also plotted in Figure 2 (dashed
line). It can be seen that at a Peclet number greater than 40,
the effect of the axial dispersion becomes negligible. Under
such a condition, the membrane’s coefficient, kg, or reaction
rate constant, k,, can be evaluated conveniently from Eq. 13.
It is interesting to note that the Peclet number, at which the
axial dispersion is negligible, is greater than that commonly
found in conventional packed-bed reactors (Butts, 1980).

Effect of k,. The performance of the hollow-fiber reactor
with the chemical reaction on the shell side for different k,
values is presented in Figure 3. It can be seen from the figure
that for a given value of k,, the product concentration, x,,,
improves as the liquid velocity is decreased. At k=2.0s"1,
the effect of water velocity only becomes noticeable when the
water velocity is greater than 0.02 m/s. This is because that
at k=20 s"! and u <0.02 m/s, the chemical reaction is so
fast that all the reactant a (contaminant) is removed due to
the chemical reaction. It thus follows that introduction of the
chemical reaction will not only improve the purity of the
product stream, but also increase the capacity of the reactor
for contaminant removal.

Reaction in the fiber lumen

Concentration Profile. For the chemical reaction, which
takes place in the fiber lumen, the effect of the reaction on
the concentration profiles of the reactant a in the hollow-fiber
lumen can be realized. Figures 4a and 4b show typical three-
dimensional concentration profiles of x, for two different re-
action moduli, N/ =1 and N/ =35, respectively. Because the
reaction modulus N, equals 1 (slow reaction), the concentra-
tion, x,, decreases from the center line to the membrane wall
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Figure 4. Concentration profiles for different reaction
modulus, Gz =5, R, =0.5: (a) N, =1; (b) N =
5.

along the whole fiber length. This suggests that the disap-
pearance of the reactant a is not only due to the chemical
reaction, but also to the mass transfer (gas permeation) that
always takes place from the fiber lumen to the shell side of
the reactor. As the value of N, increases to 5 (fast reaction),
the concentration, x,, also decreases from the center line to
the membrane wall at z/Z <0.7. However, at z/Z > (0.7 the
reverse becomes true. This phenomenon can be attributed to
the fast reaction in the fiber lumen. Because of the fast
chemical reaction, the concentration of the reactant g in the
fiber lumen reduces dramatically along the fiber length. At
z/Z > 0.7, the concentration of the reactant @ in the shell
side, p,, resulting from the gas permeation becomes greater
than that in the hollow-fiber lumen, HC,. Under such condi-
tions the reversed mass transfer (gas permeation) takes place,
resulting in the reverse concentration profile toward the out-
let of the reactor.

When the contaminant (reactant @) in water is a gaseous
reactant, the reversed mass transfer inevitably takes place at
high N, values. Such a reversed mass transfer reduces the
reactor performance and should always be prevented. To
avoid this, one can reduce the value of the concentration
modulus, R, defined as the concentration ratio between the
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Figure 5. Concentration profiles for different reaction
modulus, Gz=5, R, =0: (a) Nr =5: (b) Nr=
10.

gas phase and the inlet liquid phase, R, = p,/HC,,, which
directly reflects the level of the p, in the shell side. As shown
in Figure 5, when the R, value approaches zero, no reversed
mass transfer could take place, even when the value of the
reaction modulus, N, is increased to 10 (Figure 5b).

Reactor Performance. Since the chemical reaction occurs
in the fiber lumen, the modified Sherwood number, My, de-
fined in Eq. 9, can be used to evaluate the reactor perform-
ance. Figure 6 plots the modified Sherwood number vs. the
Graetz number for the different reaction-rate constant, k,,
shown as the reaction modulus, N/. As can be expected, the
modified Sherwood number increases with the Graetz num-
ber due to the increase of the liquid flow rate in the fiber
lumen. It can also be seen that the modified Sherwood num-
ber increases as the reaction-rate constant is increased, indi-
cating that the reactor performance is improved due to the
chemical reaction.

Also in Figure 6, the Leveque solution (solid line) and
Graetz solution (dotted line) are plotted. At low Graetz num-
ber, the Leveque solution predicts a lower modified Sher-
wood number due to its limiting assumptions used in the
model derivation. In addition, a very small difference was ob-
served between the present solution at N/ = 0 and the Graetz
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ber for different reaction modulus, R, =0, N,,
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solution. This is because the Graetz solution is based on the
assumption of infinite mass-transfer modulus, that is, N, — o,
while the present solution was calculated at N, = 840. This
suggests that, at N,, = 840, the membrane resistance is negli-
gible.

Comparison with experimental data

Experimental data obtained by Shanbhag et al. (1995) and
Sinha (2000) have been employed for comparison with the
theoretical models developed in this study.

Shanbhag et al. (1995) conducted an ozonation experiment
on wastewater treatment using a hollow-fiber membrane
module where the aqueous feed containing nitrobenzene was
passed through the shell side of the module, while ozone-
containing oxygen was introduced into the fiber lumen. The
hollow-fiber membrane acted as an ozone distributor, There-
fore, the chemical reaction between ozone and nitrobenzene
takes place at the shell side. During the calculation, the
membrane transfer coefficient for the liquid contaminant is
considered to be zero, as the permeability of the contaminant
is small and negligible for the silicone membrane employed.
Also, the clementary reaction with the reaction-rate constant
given by Shanbhag et al. (1995) was directly employed for
calculation. In addition, the axial dispersion coefficient is es-
timated using the following equation (Zee et al., 1995):

D, =(12%107*m)u(l—¢)" . (14)

The experimental data and theoretical results are shown in
Figure 7. It can be seen that they are in excellent agreement.
Due to the efficient distribution of the ozone, the concentra-
tion of the ozone in liquid can be considered to be constant
throughout the hollow-fiber module. As can be seen in the
figure, the simulation results under assumption of a pseudo-
first-order reaction (solid line), that is, constant ozone con-
centration in liquid, provides an almost identical solution
compared to the results calculated from the second-order re-
action (dashed line).
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Figure 7. Theoretical results vs. experimental data: re-
moval of hazardous organic compounds in
water by nonporous silica hollow-fiber mem-
brane modules.

Sihna (2000) studied a UV membrane reactor for dissolved
oxygen (DO) removal from water. The water containing DO
was fed into the fiber lumen while purified hydrogen was in-
troduced into the shell side. Therefore, the DO diffused
through the hollow-fiber membranes into the gas stream and
was purged by the hydrogen stream flowing in the shell side.
Simultaneously, the hydrogen gas also diffuses through the
hollow-fiber membrane and dissolves into the water. Under
the catalysis of the UV light, the dissolved hydrogen reacts
with the remaining dissolved oxygen to form water. Obvi-
ously, the reaction between the dissolved oxygen and hydro-
gen takes place in the hollow-fiber lumen. When the hydro-
gen is present in excess of the stoichiometric requirement in
water, the pseudo-first-order reaction with respect to the dis-
solved oxygen concentration would be expected to prevail
(Suppiah et al., 1988).

The experimental data and theoretical results are shown in
Figure 8. In Figure 8a py =0 indicates that pure nitrogen
instead of hydrogen is fed as a purge gas, and thus no reac-
tion would take place in the lumen side. The reaction con-
stants estimated using the model developed are about 0.0913
s~! and 0.1505 s~ ' when the hydrogen pressure at the shell
side are operated at 1 atm and 3 atm, respectively. Such a
difference is obviously the result of the increased dissolved
hydrogen concentration in water resulting from the elevation
of the hydrogen gas pressure at the shell side.

Conclusions

The mathematical model has been developed to describe
hollow-fiber membrane reactors where the membrane func-
tions as a reactant distributor. The analytical solutions to the
model equations for the chemical reaction taking place either
in the hollow-fiber lumen or in the shell side were obtained
on condition that the reaction is first order or pseudo first
order, which is usually true for the water-treatment pro-
cesses. For the reaction in the shell side, axial dispersion must
be taken into consideration, but can be neglected when Pe >
40. When the contaminant (reactant a) in water is a gaseous
reactant, the mass-transfer direction may be reversed due to
the fast chemical reaction. Based on the solution method de-
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veloped, the reaction kinetic parameters can be obtained
conveniently from the hollow-fiber reactors once the reaction
mechanism is known. Experimental results in the literature
obtained from different reactors (modules) with different di-
mensions for the removal of dissolved oxygen or hazardous
organic compounds from water are in satisfactory agreement
with the theoretical solution.

Notation

A =cross-sectional area of the reactor, m’
C, =liquid-phase concentration, mol/m’
C, =liquid-feed concentration, mol/m?
C,, =product concentration, mol/m’
D, =axial-dispersion coefficient, m%/s
D, =diffusivity in liquid stream, m%/s
d, =outer diameter of the hollow fiber, m
G =volumetric flow rate of feed gas, m’/s
Gz =Graetz number, Gz =40/nn D, Z
H =Henry constant, atm-m?/mol
J,, =chemical flux, mol/m?s
k, =mass-transfer coefficient, m/s
k, =reaction-rate constant, s™!
K ,,, =overall mass-transfer coefficient, m/s
N =number of hollow fibers
N,, =mass-transfer modulus defined by Eq. 8b
N,, =modified mass-transfer modulus, N,, =k, R/D,
N, =chemical-reaction modulus, N, =k, Z/u
N! =modified reaction modulus, N/ =k, R%/D,
p, =partial pressure in gas phase, atm
Pe = Peclet number, Pe=uZ/D
Q =volumetric flow rate of liquid feed, m’s
R, =outer radius of the hollow fiber, m
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R =inner radius of the hollow fiber, m
R =radius variable, m
R, =dimensionless gas phase concentration, R, = p,/HC
M, =modified Sherwood number, Mg, = 2K R/D,
U =liquid superficial velocity, m/s
v; =chemical reaction stoichiometric number
X =conversion of nitrobenzene
x, =dimensionless liquid concentration
x,, =dimensionless outlet concentration
Z =active length of the module, m
Z = axial-length variable, m

Greek letters

a, B =constants defined by Eq. 10a
7 =dimensionless radius
€ =void fraction of the module
¢ =dimensionless axial length
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Appendix

The solution to the model equation (Eq. 7) can be written
as

x (€M) =¢(£,m)+ o(n), (A1)

in which the function w(7) satisfies the following equation:

ldo d%w N N/ 0 A2
——+—-No+ =0,
ndn  dp T R.-1 (A2)
with boundary conditions:
dw do
n=0, ——=0; n=1, — == N, 0. (A2a)
dn dn

The model has a solution of infinite series form:

R, \ = Nm™
| -

‘"(77)=C0+(C0+ 1R 1 22m(m,)2‘712m

where C, is derived from the boundary condition (Eq. 5a) as
follows:

C0=

= 2m\ N
[ )——m
R :30 2"(m))’ (A3a)
tr

R, -1 ( 2m\  N"
22m(my)

Inserting Eq. Al into Eq. 5 gives a partial differential equa-
tion in the function ¢,

a¢, 1oy LRV,
- (1-7 =Ny, (A4
( VT (A4)
with boundary and initial conditions:
i o
n=0, ——=0; 7g=1, —=-Ny (A4a)
on an
£=0, =1-ow(n). (A4b)

The separation-of-variables technique is applied to Eq. A4,
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and its solution should be of the following form:

v(Em)=06(n)d(€)

or

s 2§
i(Em)= Y, B.0(n) - —A?1, AS
w(em= Tagces|- k) 49

where A}, As,..., Ajs... are the eigenvalues of the following
boundary-value problem of the Sturm-Liouville type for 6 in
increasing order, and Oj(n) denotes the eigenfunction corre-
sponding to A;, namely,

1 d( de(n)
n dn K dn

with boundary conditions:

)+ [(1-n3) 22 = N]o(n) =0, (A6)

de
n=0, =0; 7q=1,

4 N,-6=0. (A6
— — +N,:0=0.

Eq. A8 into Eq. A6:

1
A=l Ammm(PoN) (s
1 . )
! (PN
m=2,3,4,.... (ASb)

Since the series (Eq. A8) should satisfy the boundary con-
dition (Eq. A6a), then it gives

F(A¥)y=1+ i Azm(1+%m7)=o. (A9)
m=1 m

Thus, the eigenvalues can be calculated by solving Eq. A9
using a trial-and-error procedure.

Meanwhile, substituting Eqs. A3 and A8 into Eq. A7 and
rearranging gives

Rc 2 A RC 20 =] Nr’k
(1+ ) Y Lo ~(C0+—~) Y [ 40m -
1-R. ]~ (m+1)(m+2) 1=R. ). 2ol 7772 222K (m+ k+ 1) (m+ k+2)
B; = 7 . (A10)
o Z Aj,ZkAj,Z(m-k)
k=0
mzz:() (m+l)(m+2)

The coefficients B, in the expansion are given by the fol-
lowing expression, which requires the series in Eq. A5 to sat-
isfy the initial-condition equation (Eq. A4b), }_ B;8,(n)=1

j=1
— w(n):

_ fol[l - “’(71)]9;(1 - "72)"7 dn
e T e (1= nymdn (A7)

On the other hand, the solution to Eq. A6 can also be written
by an infinite series:

0(n)= Y A", (A8)
]

m=

in which the coefficients A4,,, are obtained by substituting

Combining Eqs. A3, A5, and A8 gives the final solution to
the model Eq. 6 as

R, ) S NT

X,(Em)=Co+|Co+ —
L €:m)=Cy (o =R, | =, 227 (m)
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